Introduction
Lorentz-Minkowski space, due to its indefinite metrics, plays an important role in Einstein's theory of relativity (e.g., [19] ). Of special interest within the theory are lightlike particles which are described as null (lightlike) curves, interesting also from differential geometry point of view [8, 12] . Their tangent vectors cannot be normalized in the usual way, since their arc-length vanishes. In order to obtain Frenet-like formulas for null curves, different choices of parameters can be considered, such as parameters called distinguished and pseudo-arc parameters. From a side of the surface theory in Lorentz-Minkowski space, null curves appear only on timelike and lightlike surfaces. In particular, a null straight line moving along a null curve generates a special ruled surface called a null scroll. These surfaces are examples of Lorentzian surfaces having no Euclidean counterparts.
Their properties can be found in, e.g., [6, [13] [14] [15] [16] . In [12] , authors state that every nondegenerate null scroll can be reparametrized as a certain type of a null scroll called a B -scroll, defined by Graves [10] . This type of surfaces plays an important role in the classification of flat surfaces [18] , as well as in physics, e.g., [2] [3] [4] [5] .
The reparametrization of a null scroll as a B -scroll is given in [9] , but starting from a conformal parametrization of a timelike ruled surface. In [15] , the author considers such a reparametrization for null scrolls with constant curvatures and parametrized by a distinguished parameter. To the best of our knowledge, there are no other studies explicating such a reparametrization for a ruled surface with null rulings and a null base curve, but with no additional assumptions on parameters and curvatures. This motivated our study. In this work we present a method to obtain the required reparametrization and we show that it is not unique. In fact, we can determine a family of null curves on a null scroll which can be used as base curves of a B -scroll. We also show that the curvature k 3 of a base curve is invariant under such a reparametrization, which necessarily needs to be ensured, since the curvatures of a null scroll, the Gaussian and mean curvature, depend on this curvature of a base curve only.
Preliminaries
The 3-dimensional Lorentz-Minkowski space, denoted by R 3 1 , is the smooth manifold R 3 with a flat Lorentzian pseudometric
In R 3 1 , a vector x can be of the following causal character: spacelike if g(x, x) > 0 or x = (0, 0, 0), timelike if g(x, x) < 0 or null (lightlike) if g(x, x) = 0 and
x ̸ = (0, 0, 0). The causal character of a regular curve c : I → R 3 1 is determined by the character of its velocity vector c ′ (u).
In what follows we consider a null curve c : I → R 3 1 , I ⊂ R, given by a local parametrization c(u) . We differentiate between two basic approaches regarding how to frame a curve and introduce a distinguished parameter. By the first approach, following [12] , we start from an arbitrary null frame along a curve c = c(u) which is defined as ordered triple of vectors L(u) = (A(u), B(u), C(u)) consisting of two null vectors A and B and a unit spacelike vector C satisfying orthogonality conditions, meaning g(A, B) = 1 , g(A, C) = g(B, C) = 0 , whereby det L = ±1. A null frame is called proper if its associated orthonormal frame defined by F(L) = 
where the functions k i , i = 1, 2, 3 are called the curvature functions of the curve c with respect to the frame L. By the fundamental theorem for null curves, for initial p ∈ R 1 3 and smooth functions k i , i = 0, 1, 2, 3, there exists a unique framed null curve (c(u), L(u)) such that c(0) = p, c ′ (u) = k 0 (u)A(u) .
For every null curve c there exists a parameterū(u) such that k 1 (ū) = 0 . We refer to this parameter as a distinguished parameter of the curve c, and the associated frame as the Cartan frame. For a curve parametrized by a distinguished parameter, the following Frenet formulas hold
In the second approach regarding how to introduce a distinguished parameter, a null frame of a null curve c = c(u) is constructed uniquely in such a way that the initial parameter u is the distinguished parameter of the framed curve. This construction is provided by Honda and Inoguchi, [11] . If we put A = c ′ (u), since c ′ and c ′′ are linearly independent (for nongeodesics) and orthogonal, c ′′ needs to be spacelike. Therefore, there exists
. Then for the vector fields A, B, C holds g(A(u), C(u)) = g(B(u), C(u)) = 0 and g(C(u), C(u)) = 1 . Moreover, there exist functions
Besides, by a distinguished parameter, a null curve with k 2 ̸ = 0 can also be reparametrized by a parameter called the pseudo-arc parameter, such that the vector fields A and C additionally satisfy A ′ = C. Although in our study we do not deal with the pseudo-arc parameter, it is worth mentioning, since it is considered a canonical parameter on null curves.
From the surface theory in Lorentz-Minkowski space, we need the following. A surface S in R 3 1 is said to be spacelike, timelike, or lightlike if the induced metric on S is positive definite, indefinite, or degenerate, respectively. For an immersed spacelike (resp. timelike) surface, given by a local parametrization
of f with respect to parameters u and v, respectively.
A ruled surface is a surface obtained by moving a straight line along a curve. Therefore, it admits a parametrization of the form
where the curve c is called the base curve and r are rulings of a ruled surface. In [1] , authors showed that every ruled surface with null rulings can be reparametrized so the base curve is a null curve as well. These surfaces are called null scrolls. In [12] it is stated that every nondegenerate ( g(c ′ , r) ̸ = 0 ) null scroll admits a parametrization as a B -scroll, i.e. as a ruled surface with null rulings and with a base curve c which is a null curve with a null frame whose vector fields satisfy Frenet formulas of the form (2.3) and rulings are determined by the field B . This reparametrization is given in [9] , but starting from a conformal parametrization of a timelike ruled surface. As already stated, a B -scroll is a ruled surface parametrized by
where a base curve c is parametrized by the distinguished parameter and framed by a proper frame L(u) = (A(u), B(u), C(u)). B -scrolls are timelike surfaces with the first fundamental form I = k 2 3 v 2 du 2 + 2dudv. Their principal curvatures are real and identical; however, the Weingarten map (the shape operator) is not diagonalizable [7] . The Gaussian curvature K and the mean curvature H of B -scrolls are given by K =
Parametrization of null scrolls
In this section, for a given null scroll we introduce a null frame for its base curve, as a natural frame connected to this ruled surface, such that the Frenet formulas (2.2) hold. In addition, we calculate its Gaussian and mean curvature in terms of the curvature functions of the base curve c. Proposition 3.1 Let S be a nondegenerate null scroll given by the parametrization (2.4) . The ordered triple
} is a proper null frame of the base curve c with the curvature functions given by 
Straightforward computation gives the coefficients of the first fundamental form
The normal vector field n of the surface S is a spacelike vector field
The second derivatives of f with respect to u, v are given by
The coefficients of the second fundamental form are therefore
) ,
Finally, the mean curvature H and the Gaussian curvature K are
In addition, from the previous statements we conclude: Now we provide the required reparametrization of a null scroll S as a B -scroll. In the case when k 1 (u) = 0 , that is g(c ′′ , r) = 0 , the parameter u is already distinguished. 
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is a distinguished parameter of a base curve c,Ā its tangent vector field,B a binormal, andC a normal vector field of the curve c with respect toū , whereby the following holds
The curvature functions satisfyk 1 (ū) = 0 , and
Proof For the frame (A, B, C) defined by (3.4), the formula (3.5) introduces a distinguished parameter u =ū(u) for the curve c given as a solution of ordinary differential equation
obtained from conditionk 1 = 0, (see [12] Furthermore, we establish relations between curvature functions k i andk i , i = 1, 2, 3. FromĀ(ū) dū du = A(u), by differentiating both sides with respect to parameter u and multiplying by B(u) = du dūB (ū), we obtain
By using (3.5) we havek 1 = 0, as already stated. By differentiating both sides ofĀ(ū) dū du = A(u), with respect to a parameter u, and multiplying by C =C, we obtain (3.6). Finally, by differentiating both sides of
, with respect to a parameter u and multiplying byC = C, we obtain (3.7). 
Introducing a new null base curve
Now we consider a reparametrization of the given null scroll by another null base curve. We can obtain its proper null frame of the form ( 2.3) such that vector field B is collinear to rulings of the initial null scroll. Such curves can be considered to be deformations of the initial base curve preserving torsion, which are studied in [11] for curves that are already parametrized by a distinguished parameter.
A curveĉ lying on the initial null scroll can be written aŝ
with no assumptions on a parameter u. Therefore,
From g(ĉ ′ ,ĉ ′ ) = 0, we obtain ordinary differential equation
whose family of solutions provides a family of null curves lying on the initial null scroll. The solution of (4.2) is given by
and therefore every null curve of the family can be parametrized aŝ From (4.1), we obtainÂ
where v = v(u) satisfies (4.2).
Equations (4.1), (4.2), and (2.1) imply that
Obviously,Ĉ(u) is a unit spacelike vector. Therefore, we have proved the following statement. For the curvatures of curves c andĉ, we give the following relations: 
k 3 (u) = k 3 (u).
Proof For easier notation, we denote
By straightforward computation, we obtain
2 Remark 4.3 By the fundamental theorem for null curves, curves c andĉ are in general not congruent ( [12] ).
Distinguished parameters on c, respectivelyĉ are determined from k 1 (u) = 0,k 1 (u) = 0 respectively. They coincide if and only if k 1 (u) =k 1 (u) = 0 which is fulfilled only when k 3 (u) = 0, that is, the initial null scroll is a cylindrical surface. In that case, curvatures k 2 andk 2 also coincide; therefore, curves c andĉ are congruent.
For every null curve lying on a null scroll, we can carry out the proposed method for the reparametrization. Therefore, we conclude the following: 
where u > 0, v ∈ R, Figure 1 . The (A, B, C) frame for c is given by (3.4 )
For the first curvature k 1 we have k 1 (u) = −2/u. The change of parameters (3.5) , which yields the required parametrization, is defined byū
Without loss of generality with c 1 = 1 , c 2 = 0 , the considered null scroll can be reparametrized as a B -scroll of the formf
) .
by using the curveĉ(u) = (u, 0, u). The (Â,B,Ĉ) frame forĉ is given bŷ (1, 0, 1) ,
The first curvaturek 1 is zero, so the parameter u is the distinguished parameter of a curveĉ. Therefore, parametrization as a B -scroll with respect to curveĉ has a form
Another null curve laying on considered null scroll is of the formĉ
.
Example 4.6
Consider the null scroll given by
where u, v ∈ R, Figure 2 . It is a null scroll of constant Gaussian and mean curvatures K = H = 1. The (A, B, C) frame for c is given by (3.4) A(u) = (− sin u, cos u, 1),
(sin u, cos u, 1), C(u) = −1 sin u (0, 1, cos u).
For the first curvature k 1 we have k 1 (u) = cot u. The change of parameters (3.5) , which yields the required parametrization, is defined byū = −c 1 cos u + c 2 , c 1 > 0, c 2 ∈ R.
Without loss of generality with c 1 = 1 , c 2 = 0 , the considered null scroll can be reparametrized as a B -scroll of the formf (ū, v) = (−ū,
Another null curve on the null scroll is given 
